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THE STABILITY OF POLYMER SYSTEMS. Il
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and MARGIT T. RATZSCH

Mathematics Department
“Wolfgang Ratke” Pedagogical University
Kéthen 4370;

Chemistry Department
““Carl Schorlemmer” Technical University
Merseburg 4200, German Democratic Republic

ABSTRACT

A determinant criterion for the critical state in solutions and mixtures
of polydisperse polymers is established within the general framework

of Gibbs theory. The treatment continues an earlier paper by consider-
ing more general Gibbs free energy relations: The function replacing
the x-term in the classic Flory-Huggins equation is permitted to depend
on a finite number of moments of the polymer distribution(s) so as to
embrace most Gibbs free energy relations of practical use. The new
criterion leads to a very large reduction of computer time and of needed
storage capacity compared to the traditional Gibbs determinant criterion.
Some relations known from the literature are shown to be special cases
of the established new criterion.

INTRODUCTION

In a preceding paper [1] the thermodynamic stability of solutions and mix-
tures of polymers was described by Gibbs free energy functions resulting from

1445
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the classic Flory-Huggins expression [2, 3] by replacing the x-term by a func-

tion (7E, which is assumed to depend on the temperature 7, the pressure P,
and the segment fractions Y; (i=1, ..., V) of the N solvents and polymers
(Z i = 1; the symbol Z without limits refers in this paper to from /=1 to

i =N). In many cases, however, a more detailed description of the thermo-

dynamic behavior will be possible by permitting (_?E to depend additionally
on the MW distribution(s) of the polymer(s) present in the system.

In practice, the consideration of some moments with respect to the seg-
ment numbers r;(M) is especially important. Hence, in this paper, the stabil-

ity conditions are generalized to Gt functions of the kind

= - - - -
G"=D(@Pn',....mt 0N, 5 RT, '6))
with
= [ o Ry wiMaM  G=1,... ,Nya=1,...,n). @

The conditions are considered in the framework of continuous thermo-
dynamics describing the composition of a polymer by a continuous distribu-
tion density function instead of the amounts of the individual species [4, 5].
In this paper a distribution density function W;(M) is applied that is defined
by the statement that W;(M)dM gives the segment fraction of all i-species
with MW between M and M + dM within the polymer i. Hence, [ Wy (M)dM
= 1. The integrals are always to be extended over the total M-range occurring
for Polymer i, from M ; up to MO 1f i does not designate a polymer but a
solvent, then the relation W;(M) = (M®" - M, ;)™ is to be applied and, of
course, 7{(M) = r; = constant. The quantities k;, are real numbers including
the number k;; =0(i=1,...,N), resulting in 7, = y;, and R means the
unijversal gas constant. The number of moments for the polymer / occurring
in Eq. (1) is signified by n;. If m;=1(=1,...,N), then Eq. (1) reduces to
the case considered earlier {1]. The functions r;(M) are presumed to attain
at least n; different values; such segment number functions will be called “non-

degenerate” (with respect to the 5E relation Eq. 1).
According to Zr,i = 1, the quantity 7, * = ; may be eliminated in Eq.
(1), resulting in

GE=r@Pr,... i Y EORT, n>1, Q)

GE=r@PR?,... i n YR, =1 (3)
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The functions " and T are interrelated by

N

PEPR' Iy =T @RI-Y LR Fap). @
i=2

The Gibbs free energy per mole of segments, 5’, reads [4, 5]

G=RT ) 1”—(% In [;W,00)dM + G ©

neglecting terms depending linearly on y;Wi(M) since these terms are im-
material in considering stability. Also here, the transformation to the corre-
sponding formula discussed earlier (Eq. 32 in Ref. 1) is immediately possible
by considering the first / components i = 1, . . ., I as solvents and neglecting
additional linear terms.

The following considerations for obtaining a critical state criterion are
based on the necessary conditions established earlier [6]. If the thermo-
dynamic system described by (7,P;y W) and obeying Eqgs. (1)-(5) is located
on the limit of instability (spinodal), then

82 (=7(T,P;1p W,6(yW))=0 for all variations §(¥ W), ©)
and there exist such variations 6(y W), # 0 that

526 (TPUW5(W)o) = 0. Q)
If the system mentioned is in a critical state, then additionally

8°G (TP W,5(¥W)o) =0. ®)
Here Y W and 6 (¢ W) designate the N-component vectors (Y, Wy, ..., YnWn)

and (8(¥ W1), . .., 8(UnWy)), respectively, where T [ 8(;W;(M))dM = 0.
The variations 2 G and §°G may be obtained from Egs. (3)-(5) and read

(5w Wi)]®
52 G R
(GIRT)= Z monvawion

N nj nj (9)

Z E —‘ﬂyaJ’b,

j=1 a=1+5,; b=1+sy; Org'ory
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N

= RCAZ))
§3(G/RT) = - T
(G/RD) & ) ronlywien)*

N ni nj n

z: Z 2 myaJ’bJ’c, 10)

inj:p=1 a=1+51j b=1+61]' C=l+51p
I | kig Wi M.
ve' = [ ) Fia (g wian)am.

For n; =1, the corresponding sums are omitted (§;; = 1 if / = and zero other-
wise).

In the next paragraph a determinant criterion for the limit of instability
(spinodal equation) is given that is equivalent to Egs. (6) and (7) but much
simpler. This criterion will also be part of the critical state criterion to be
stated and proved afterwards. Finally, several equations for the critical state
as known from the literature will be shown to be special cases of the new
critical state criterion.

STABILITY CRITERION

. To formulate the stability criterion, some symbols will be introduced:
R’ designates the n; X »; matrix with the elements

ray! = J In@)Fia**iv gy anyam an

The elements of the matrix inverse to R are signified by rabi. The symbol @
means a symmetric matrix with n = Z n; - 1 lines and columns and the follow-
ing block structure:

Qll Ql2 QIN
Q21 Q22 QzN
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Here the quantities Q" are rectangular (n; - 8,;) X (#j - 84;) matrices with the
elements
. e ) . . 1
Qab’ = ==+ 8ifap’ * 8a1816%11" ~81/8a1F1p" - 8i181bfar”,
orglory
(12)

Lj=1,...,N;a=1+84;,...,053b=1+84;,...,n.

For ny = 1, the first block line and the first block column of Q are omitted.
Then, as shown earlier [7], the following theorem is valid.

Stability Criterion. If the functions r;(M) (i=1, ..., N) are nondegenerate,
then Egs. (6) and (7) are equivalent to

Q = positive semidefinite, (6"
Q=0 (spinodal equation). 7"

Here |Q] is the determinant of the matrix Q. Equation (7") is equivalent to
spinodal equations referring to the nonreduced problem as established by
Egs. (1), (2), and (5):

~ A ~ ~

| T+RC|=0 or |R'+C|=0.

Here Z I’? C are (n+2) X (n + 2) matrixes, where T means the unit matrix
and R and C are defined by

1 (€HT @) ... YT
1 51 511 512 _“’51N
~ R!
R = of , ¢=|c* ¢ o2 o
R?
0 e | T
R oV gNi ZN: NN

The symbols ¢! and Eabij are given by Ci= 1,0,..., O)T E€R"i and Eabii =
8°T Jor,’ory’ (@=1,...,m3b=1,...,m). It has to be pointed out that the
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condition of definity, Eq. (6), is to be verified with respect to Q and not to
Q=R +C.

CRITICAL STATE CRITERION

Similarly as in the classic treatment dating back to Gibbs [8], a determin-
ant |Q, | is introduced being derived from |Q| according to (n; > 2):

! £2 .. N
Q_ll Q_12 Q_IN

Q=0 0% oW s
QN! QN2 o QNN

In this paper, matrices resulting from Q or Q” by neglecting the line g and
the column b will be designated by Q(a, b) or QY (a,b), respectively. Especially
the abbreviation 0 ¥ = Q¥(1,-),(G=1, ..., N)is applied, The line vectors
£ are defined by

A (DlQI DiQ| )
Dryt’ U Dr M/

j= (DIQI DIQ|
Drl - ,DTnl-i

(=2,...,N).

The derivatives D . . . /D . . . of a determinant obey the well-known rules for
partial differentiation with the distinction that

Dchjp *r 1 — . L.
A S Y 3 rho b iR TR 4 (5,808
Dra’ arazarb]arcp ifQip d;=1 def'ad "be cf] ( 1i91b01p

+81181j01¢ % 6181761p - 81181501¢ -81481501p ~81461701¢
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ny
+61¢161b810) z ;(lief;adl;bel;(:fl (a=1+6“~,‘..,n,-;
d,ef=1
b=1+61]',...,nj;c=l+61p,---9np)’ (14)

with
Fho= { Iran) ¥ia*iekif*2 gy onam

Using these symbols, the following necessary condition for the critical state
will be proved.

Critical State Criterion. If the functions (M) (i=1, . .., N) are nonde-
generate and if {Q(1,1)] # 0, then Eqgs. (6)-(8) are equivalent to Egs. (6')-(8")
with

1Q;1=0  (critical state equation). 8"

Proof. The significance of the regularity condition |Q(1,1)| # 0 is dis-
cussed in Refs. 9 and 10. Since, as mentioned in the preceding paragraph, the
equivalence of Eqs. (6) and (7) and of Egs. (6") and (7') has been shown earlier,
the task is to prove, on this assumption, the equivalence of Egs. (8) and (8").
To this end, the following matrix is introduced:

0 1 0 ... 0 | 0 ... 0
~ 1171 ~ 7. N TN aly
1 911" 4d12 qi,l,l coooqu™ g™ d1inpy
0 n' B' omt onYN By Ly
= ~ 11 Y1 ~ ~ IN ~
=10 gu' g ... qdy ... a3’ an'N ... 5%\;
~11 T ~11 ~1 ~IN ~
0 gt @iy . oadkh, . @aN @ o @il
C? ’ o 521\/
oV oM . gy

(15)
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The matrix 61 is obtained from QN by replacing the elements Zzbli by?bf =

Dlal/DrTbi G=1,...,N;b=1,...,n;)accounting, however, for the special
relation to be applied here:
~ . ~ ni
0qp” _~ip 0T =i s e Qg g
=7 "dobe T T iaT AP 6ij5ip Z YderTad The "cfl- (16)
i
or, ar,'ory’ or, P

By subtracting in IQ~ (3,3)1, successively, the second column from the other
N -1 columns possessing the number 1 in the first line, and then the second
line from the other N - 1 lines possessing the number 1 in the first column,

it may easily be shown that [|@(1,1){ = -|§(3,3)|, resulting in |§(3,3)| #0.
Now, the proof will be performed in two steps. Assuming the validity of
Eqs. (6) and (7) or Eqgs. (6") and (7"), it will be shown 1) that Eq. (8) is equva-

fent to |Q | = 0 and 2) that |0 ;] = 0 is equivalent to [Q; | =0
According to Egs. (6) and (7), the variations §(y W), fulfill the minimum
condition

min 52G (TP W,8(y W) = 62 G(T,PUW,5( W)g) = 0. )
The minimum has to be taken over all variations obeying 2 [P Wi(M)YIM

= (. Applying Lagrange’s method of undetermined multipliers, it was shown
earlier [7] that 8(y W), fulfills Eq. (17) if and only if

8(YiWo = &°r ki 18
____-]ZO ;;ar'ab ) kieyy . (18)

Here; =()71°,;11, - ,)7,,11. ce ,;IN, - ,;,,NN)T is the solution of the
linear system of equations @y =0, and ny = 1. Due to the specific structure

of the matrix 5 (see preceding paragraph), Eq. (18) may be simplified to read

S,
e E Z bas! 5o/ IO .

In this way 8°(G/RT)o = 53 G(T, Py W,5(yW)o)/RT is written
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N nl- ni

53(5/RT)0='Z E Z rdef ad rbe cf;a ;b ;c.

i=1 a,b,c=1 d,e,f=1

~ ~]~

,]pla—-lblc=

or, applying the symbol introduced by Eq. (16),

83 (G/RT)o Z 2!: z Z qaz’c;a ;b ;c . (19)

Lj,p=1 a=1 b=1 c=1

According to ]5 | = 0 (spinodal equation in nonreduced form) and

la (3,3)1 # 0, the solutions of the system of linear equations a ;= 0 by
using Cramer’s rule becomes

Vi=v,t ==L (i=1,...,N;a=1,...,n). (20
10 (33!

Here 0 ai signifies a matrix obtained from 5 by replacing the column a in

0¥ by the second column from 0%t (k=0,...,N)and applying

15 133 = —1(5 (3,3). InEq. (20),)72 ! js an arbitrary real number. Com-
bination of Egs. (19) and (20) results in the statement: The relation

53(G/RT), = 0 is fulfilled if and only if
Z ZZZ a7 106G/ AL EHI=0. @D
ij,p=1 a=1 b=1 c=1

To conclude the first step of the proof, l§ 1 | is developed with respect
to the third line according to Laplace’s theorem
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ZZ DICI & s 22)

Introducing n,g =ng + ny + *** +n,_; + f, the relation

N .
D|Q| D3y
Dra z Z Dracl' ‘Q(nPC'nIb)l( 1)n‘”‘"ﬂ/'lb (23)

is valid. Since, according to the assumptions, the third line of 5 is a linear

combination of the others and since @ is symmetric, there exist quantities
v4" fulfilling the relation

N Ry
d2d" ZZ Yd'q.d = ZZ Yd'dad” =da2"
v=0 d=1
24
Iv—1|+|d—2|#=0 ‘ p-1] + Jd-2}*0 (24)

Replacing the elements q~2a1i in |§(npc,n,~b)|(lp -1l +]c-2|# 0) according
to Eq. (24), results in a sum of determinants which, for |v - p{+ |d - c| #0,
equals zero since two equal lines occur. In the case {v - p| + |d - ¢| = 0, how-
ever, some lines and also some columns can be rearranged to yield

10 (tpenjp)) = 7P (1)'PE B 10 4 (3,3)1. (25)

The formula is also valid for |p - 1| + |¢ - 2| =0if ;21 = -1, Furthermore,
according to Cramer’s rule, Eq. (24) results in

~ 0.P(3,3
~p 102G 6

10(3.3)!

Combination of Egs. (22), (23), (25), and (26) leads to

2L B Dayd? 10,/(3.3)1 105 (3.3)110.7(3, 21
G- 2 ZZ Dr;} 106l
iLj.,p=1 a=1 b=1 3
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In combination with Eq. (21), this relation provides the desired statement:

83(5/RT)0 equals zero if and only if IJ 11=0. In this way, a critical state
equation for the nonreduced problem is established.
In the second step of the proof, the connection with |Q, | is provided. By

analogous arguments leading to [Q(1,1)| = -[5 (3,3)1, Eq. (15) results in

tt f? N
1811=-| g1 g .. gwW
¢ @n
ght g gy
with
‘—I—abl] =qﬂbij+60151bq1111 —Salglblj—alb;alil
Tt -8t G=1,... Nia=1+2845 ...,
b=1+61]',...,n]').
According to Eq. (4), the relation
T T - *T . ?T 5 T 2
‘7::_'-_-7'_.:—"1’ = presy - = —_— T T =g
arory  argary O lbarllarll 1 or, ory 10 orglor, ! (28)
applies. Equation (28) and g,,7 = 92T /o7, o,/ + & iiTap’ Tesult in
-i]'-azF 2 1 s 1 s 1 s 1 if
dab ‘—-T=7+5ij’ab +08410p1711" ~01/8a171b” - 811816701 = qap”,
ara arb

leading to 0¥ = 0¥ (i# 1) and 0/ = QY. Furthermore, Egs. (23), (25), and
(26) lead to '
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7ai;ll)’_'Qi'=Z > Z Z ”j;;’:- 2/6HI10LG3)
Ta' GI1 biT61j po1 c=176, a 0(3,3)

+ ZN: 2 Dg P 10, BA)I0PBA)

i o~ 29
p=1 c=1%61p Drq 10(3,3)! 29)

N ni ~ . A ~ ~ ~
N Z N DgypY 127G D 10,1 BI)P
i1 ~ —1 ~ '
= oy, D 10G3.3)] bra 1063l
According to Eq. (20) and to E; 1'=0 (i.e., the first line of the system of
of equations Q~ ;= 0), the relation X |§ 1 i(3 ,3)1 = 0 also is valid, resulting in

the possibility to eliminate I§ 1 (3,3)|in Eq. (29). Furthermore, introducing
the matrix QP which is obtained from Q by replacing the elements gp . jp by

bt G=1,... . N;b=1+8yj,...,m), the equality |0 P(3,3) =-1Q” (1,1)]
applies. These considerations permlt a reformulation of Eq. (29) leading to

N ~ S~ r
T =2 Z Z Z (chbp’ 5 DgciP! s DqypY
a 15 Dr, lc Dr,}

J=1 b=1+8j p=1 ¢=1+8;p

v 55 Ddu' ).lQb’(3,3)IIQ~cp(3,3)I
D] 103.9)

- A —ar 107 (LDNGP (1,1
.Z Z 2 Z 7. = 10(1,1)]

with
. *T B
q ch = A danjacp sijaip Z rJef;'adl;belicfl
arg ary ore Py

ny

- 81[, (Tiir —51'6 Z ;1 ;' dl;‘b 1;‘ fl)
argory1ar? rip defrad "he Tc
d,e f=1
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T L '
-5 _.__-5-5-271f1;1;1
le (arg’an,’an‘ 1 1=, def'ad The Tef
3 ny
esis (—2T s ~ s 1s 3sa
16%1¢ | T=7-= 1= ~%1i Y deffad The Tcf
ara arl arl def=1 .

Inserting this result into the formula for ~tai - 5“71 ! and considering Egs.
(4) and (14), the relation

> i B Dapl? 10/0D 1IQPADI
4 2 Dr,! 10(1,1)! -

is obtained. Therefore, the equality I§ 11 = 1@, | applies and, hence, the proof
is completed.

There are two additional remarks:

(1) The proof shows that, for all variations §(y W), fulfilling Eq. (7), the
relation 8% (G/RT) = @|Q41/1Q(1,1)? is valid where a is a real
number.

(2) The theorem was proved assuming n, > 2. For n; = 2, the proof ap-
plies too; merely in Q; the line with@_¥ (j=1,...,N) does not
exist. For ny =1 (e.g., if Substance 1 is a solvent) the matrix Q; ex-
hibits further simplifications since then i,j,p ¥ 1 and, therefore,

ip T ni
Mo o sy FlgFad Poetes
—1 anlargorp TP def'ad The e
Dry a OTb 0 d,e.f=1
T1
Ti11

+061401801¢ (7—111_)3 .

All special cases considered in the next section belong to this type.
The corresponding critical-state equation reads (Q_%° = 0*'(1,-); i =2,

o)
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forn, >1 forny =1
2 N 2 Tl
0* o>V 0% o3V
1041 = o® oV | - o, 10,1 = o® o |-o
o g M W

DISCUSSION

The application of the theorem proved in the preceding paragraph leads to
a very large reduction of computer time and of needed storage capacity com-
pared to the traditional Gibbs determinant criterion [8]. To illustrate this, a
mixture consisting of three polymers, each with approximately 1000 molecu-
lar species, will be considered. Then, according to Gibbs, the stability deter-
minant and the critical state determinant possess approximately the order
3000 X 3000. Just the partial differentiation of the stability determinant with
respect to these 3000 variables would be enormously time-consuming. Assum-

ing the GF function to depend on three moments of the (unnormalized) dis-
tribution density function for each polymer (i.e., the segment fraction, the
number average, and the weight average), the proved theorem provides a reduc-
tion of Gibbs determinants to determinants (|Q|,|Q1) of the order 8 X 8.

The established critical-state theorem includes many cases known from the
literature (the Gibbs criterion among them). This shall be verified for four ex-
amples. Examples 1 to 3 refer to cases treated in the framework of traditional
(i.e., discrete) thermodynamics. In these cases the following manner of repre-
sentation was chosen:

a) Statement of the nonlinear part of the segment-molar Gibbs free energy
G for the problem under consideration in traditional form.

b) Statement of the specifications needed to reduce the general problem
treated in_this paper to the example under consideration. In transform-
ing from Ggiscont t0 Geont, additional linear terms can be neglected.

¢) Application of these specifications to the general criterion (6')-(8'), re-
sulting in the special criterion desired.
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For Example 4 that is formulated by continuous thermodynamics, these

topics apply correspondingly. In Cases 1 and 2, a different numbering of the
substances, starting with 0 instead of 1, has to be accounted for also.

1. Mixture of Discrete Species [8]

6§ Yilnvs e =
a)ﬁ—i}::o: mj F(”wl’”"wN)’%—l-}:‘pi'

b)ni=1; Wi(M)E(MO’i _Mo,i)"l;ri(jl/[)Em,- (i=0,...,N).
C) ;lli =m,'tl/i,71iu = mi2wi;Q=(qif)1i\,lj=l'

Pr 8y 1 _GRD)

9 = +
o0Y;0Y; miy; moyo 0Y;0Y;
algl  algl alQ|
allll all/z awN
1Q11= |ax 422 .o qaN | =0.
4N 4dN2 qNN

In this case @ = b = ¢ = 1 always applies and, hence,

Dasd? Dy BT sy 1 _dap
Dr,! Dri  dyidYdvp mi?  moy@ oy

Gjp=1,...,N)

On transforming to molar quantities, the well-known Gibbs criterion results.

2. Solution of a Polydisperse Polymer in a Solvent [11, 12]

Here the solvent and the polymer are identified by the indexes 0 and 1, re-
spectively, and the different polymer species are identified by the additional
indexj=1,...,P
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= P
G ¢; In ¢;
_ = ln + -—-———+F T,P,M ”"’M ’
a) RT Vo ln Yo ]—Zl m; ( k1 kn)
P P
M = Z myFsgy; k= 0; My = Z ¢ =¥1=1-Yo.
j=1 =1

b) The total interval from My ; up to M°+1 js divided into P disjunct par-
tial intervals y; touching each other. The length of the jth partial inter-
val is signified by |y;/.

o =130y =nykyg=ky (s=1,...,n),
WoMD =Moo - M®O) L ro(M) =1,
Wi M) = ¢/ lwil)sri M) =my  if M E .

Hence, ;! = yy; 15! =My,

P
=070 . .—1_23 kovkp+i o .
c) m ‘7111"‘p0rrab = m; atep* ('Y

J=1
P
;(}ef._.z mjkd+ke+kf+2¢,-,
j=1
22T 84216p1
Q=W@ab' Vg p=1:9ab"" =dap = ———— +Pap' +——.
oMy, My, Vo

The critical state equation reads [13]

D|Q| DiQ|
DMy, =~ DMy,
1@11= | g2y .-+« q2n =0
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where, according toi=j=p=1,

. s n
s Dve DT S Fhpadtaef
— e
Dr)} DMy, BMkaaMkbaMkC P
+51a61b510
Yo?
3. Mixture of Two Polydisperse Polymers [14]
= Pl P2
G $1,j1n ¢y, ¢2,jIn 05,5
2) —- —_-Z -—————-—-—+Z =+ (T ¥2).
RT 4 my,j = ma,j
]:1 ]—1

Pi
V1= 6y =Lty =L
=1
BYN=2m =ny =151 =y
WiM) = i jl(Wilpijl);riM) =my; i MEp;
(i=1,2;j=1,...,P)
P
¢) it = vimw i, 1y = Z i jm;j° = Wiy, Mz i
=1

(my, ; and m ; are the weight-average and z-average for Polymer 7). In
this case, Q and Q; are 1 X 1 matrixes with

a’r 1 1
qll22 = 2 + + ’
0 Yimy,1 Yamy o
222 =Dq1122 - a3I‘ mZ,2 mz,l

111 =3 37733 37
Dry WL Ytmi s Ui tmi



18:17 24 January 2011

Downl oaded At:

1462 BEERBAUM ET AL.

4. Mixture Containing Several Solvents and Several Polydlsperse
Polymers Described by a Momentum-Independent Excess Part Gf ]

The 7 solvents are identified by the indexesi=1, ..., <N and the N-/
polymersby i=I+1,...,N.

‘*EI Qmn

{L: viln g fw,w,-(M) In yii)
ri{M)

i= I+1
+ T (TPY,, ..., ¥N).
b) Wi(M) = (M°+F My ) irM)=ri=constant  (i=1,...,D.
n=13=1,...,N).
c) ;‘-ui=\[1,-r,~;;uil =yir? (=1,...,D.
m1a’ = Vi SrQOWO0AM; 7y = ;[ [OD]? WidaM

G=I+1,...,N)
’r Sii 1
0=@y)i2sq; v T e Gi=2,...,N).

bi=2:4ii = all/a% ot

D|(Q] D|Q|

Dy, Dyy

1Q11=] 432 ... q3N |=0.
aN2 dNN

Since @ = b = ¢ = 1 here also, the relation

D‘Ibcp un”’ D‘I]p 3°r _6""5"”;‘1‘% ni
pr;  Dn' DY auidvdYp (y)® ()

applies for i, j, p=2,...,N. The difference with respect to Eq. (51) in
Ref. 1 is due to the elimination of r;¥ = yy in Ref. 1 butof r; ! =y,
in this paper (for the sake of uniformity).
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